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T r i a n g u l a r  P a t c h e s  w i t h i n  a  G e o me t r i c  C o n t i n u o u s  P a t c h  C o mpl e x  
b y  J ö r g  M .  H a h n  
 
 
A b s t r a c t  
T r i a n g u l a r  p a t c h e s  a r e  c o n s t r u c t e d  t o  f i l l  i n ,  w i t h  a r b i t r a r y  o r d e r  o f  
c o n t i n u i t y ,  a  t r i a n g u l a r  h o l e  w i t h i n  a  c o mpl e x  o f  p a t c h e s  j o i n i n g  w i t h  
g e o m e t r i c  c o n t i n u i t y .  E x p l i c i t  f o r m u l a s  a r e  g i v e n  f o r  t h e  s p e c i a l  c a s e 
t h a t  t h e  h o l e  i s  s u r r o u n d e d  b y  r e c t a n g u l a r  p a t c h e s  j o i n i n g  w i t h  p a r a me t r i c  
c o n t i n u i t y .  M o d i f i c a t i o n s  a n d  h a n d l e s  t o  c o n t r o l  t h e  s h a p e  o f  t h e  p a t c h e s 
a r e  d e s c r i b e d . 
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1 .    In t roduct ion  
S u r f a c e s  i n  c o mp u t e r  a i d e d  g e o me t r i c  d e s i g n  ( C A G D )  a r e  u s u a l l y  c o mp o s e d  
o f  p a r a me t r i c  p a t c h e s  w i t h  r e c t a n g u l a r  o r  ( s o me t i me s )  p o l y g o n a l  d o ma i n ,  a n d  
w h e r e  c e r t a i n  c o n t i n u i t y  c o n d i t i o n s  b e t w e e n  a d j o i n i n g  p a t c h e s  a r e  i mp o s e d .  
C o n d i t i o n s  o f  p a r a m e t r i c  c o n t i n u i t y ,  w h i c h  a r e  m a i n l y  u s e d ,  a r e  i n s u f f i c i e n t  
i n  t h a t  t h e y  d o  n o t  a l l o w  f o r  i n c l u d i n g  t r i a n g u l a r  o r  p o l y g o n a l  p a t c h e s  i n t o   
a  r e c t a n g u l a r  f r a me w o r k ,  n o r  f o r  a n  a r b i t r a r y  n u mb e r  o f  p a t c h e s  me e t i n g  a t  a  
c o mmo n  v e r t e x .  
T h e  p r o p e r  c o n d i t i o n  t o  d e a l  w i t h  t h e s e  c a s e s  i s  t h e  c o n d i t i o n  o f  g e o me t r i c  
c o n t i n u i t y ,  w h i c h  me a n s ,  i n  e s s e n c e ,  t h e  e x i s t e n c e  o f  a  r e p a r a me t e r i z a t i o n .  
T h e  p r o b l e m a d d r e s s e d  h e r e  i s  t h a t  o f  f i t t i n g  a  t r i a n g u l a r  p a t c h  i n t o  a
h o l e  w i t h i n  a  c o mpl e x  o f  p a t c h e s  j o i n i n g  w i t h  g e o me t r i c  c o n t i n u i t y  o f  a r b i t r a r y  
o r d e r .  
S e c t i o n  2  i n t r o d u c e s  t h e  n o t a t i o n ,  f o r m u l a t e s  t h e  p r o b l e m  a n d  o u t l i n e  s
t h e  c o n s t r u c t i o n  o f  t h e  t r i a n g u l a r  p a t c h .  
S e c t i o n  3  g i v e s  t h e  t e c h n i c a l  p a r t  o f  t h e  c o n s t r u c t i o n .  I t  s h o w s  h o w  t o  
d e a l  w i t h  t h e  c o n d i t i o n s  o f  g e o m e t r i c  c o n t i n u i t y  i n  t h e  g e n e r a l  c a s e ,  w h e r e 
the  pa tches  su r round ing  the  ho le  may  have  non- rec tangu la r  domains  and  jo in 
w i t h  g e o me t r i c  c o n t i n u i t y .  
S e c t i o n  4  c o n t a i n s  t h e  i n t e r p o l a t i o n  s c h e me s  n e e d e d  f o r  t h e  f i n a l  
c o mp o s i t i o n  o f  t h e  t r i a n g u l a r  p a t c h .  
T h e  s p e c i a l  c a s e  w h e r e  t h e  s u r r o u n d i n g  p a t c h e s  a r e  r e c t a n g u l a r  a n d  me e t  
w i t h  p a r a me t r i c  c o n t i n u i t y ,  i s  d e a l t  w i t h  i n  s e c t i o n  5 .   E x p l i c i t  f o r mu l a s  
f o r  t r i a n g u l a r  p a t c h e s  f i t t e d  w i t h  G C 2 - c o n t i n u i t y  a r e  g i v e n  a n d  h a n d l e s  t o  
c o n t r o l  t h e i r  s h a p e  a r e  d e s c r i b e d .  
T h i s  a r t i c l e  g i v e s  t h e  d e t a i l s  o f  a  c o n s t r u c t i o n  p r o p o s e d  i n  [ H a h n  ' 8 7 ] .  
T h e  c o n c e p t s  i n t r o d u c e d  t h e r e ,  i n  p a r t i c u l a r  g e o me t r i c  c o n t i n u o u s  p a t c h  c o m-
p l e x e s  a n d  j e t s ,  a r e  u s e d  h e r e  w i t h o u t  f u r t h e r  r e f e r e n c e .  
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2 .   F i l l i n g  i n  a  T r i a n g u l a r  H o l e  
T h e  t r i a n g u l a r  h o l e  
A s s u m e  t h a t  p a t c h e s   ,3,2,1i,n...,1jRI:p,RI:p i
3
ijji
3
ii ==→Δ→Δ
fo rm a  GC k -pa tch  complex  a round  a  t r i angu la r  ho le  wi th  ve r t i ces  Q i  in  the  
f o l l o w i n g  w a y ,  s e e  f i g . 1  :  
( i )     p a t c h e s  p i ,  i  = 1 , 2 , 3   a b u t  o n t o  t h e  t r i a n g u l a r  h o l e  w i t h  a d j o i n i n g  e d g e s  
 e i ,  p a r a me t e r i z e d  a s  e i ( s ) ,  s∈  [ 0 , 1 ] ,  s u c h  t h a t  p i  ( e i  ( 0 ) )  =  Q i  ;  
 p i  ( e i  ( l ) )  =  Q i + 1 .  ( H e r e ,  a n d  s u b s e q u e n t l y ,  t h e  i n d e x  i  w i l l  b e  
 i n t e r p r e t e d  mo d  3 . )  
( i i )    p a t c h e s  , p  mee t  GCiin1i1i p,p..,,p,p i−
k  w i t h  a  n o n - c o n v e x  c o r n e r  a t  
,)(cpQ jijii =  whe re  c i j  i s  a  c o r n e r  o f  ∆ i j .  The  connec t i ng  d i f f eomorph i sms  
a r e  d e n o t e d  b y   
,
i;iin2i;1i1i;1i ,..,, φφφ −
w h e r e  t h e  ( d o u b l e - )  i n d e x  a f t e r  t h e  s e m i c o l o n  i n d i c a t e s  t h e  d o m a i n  a n d  
t h e  o n e  b e f o r e  i n d i c a t e s  t h e  r a n g e .  A c c o r d i n g l y  t h e  i n v e r s e  d i f f e o -
m o r p h i s m s  a r e  d e n o t e d  b y  i n t e r c h a n g i n g  t h e  ( d o u b l e - )  i n d i c e s .  
 
F ig .1  
F o r  i n s t a n c e ,  t h e s e  d i f f e o mo r p h i s ms  t r a n s f o r m t h e  c o r n e r s  i n  t h e  
fo l l owing  way :  
  .)c(c),c(c ijij;1j,i1j,i1j,i1j,i;ijij ++++ φ=φ=  
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T h e  t r i a n g u l a r  d o ma i n  
T h e  h o l e  w i l l  b e  f i l l e d  i n  b y  a  p a t c h  P ,  d e f i n e d  o n  a n  e q u i l a t e r a l  t r i a n g l e  
∆ ,  s e e  f i g . 2 ,  w i t h  v e r t i c e s  C i ,  i = 1 , 2 , 3  a n d  e d g e s  .sCC)s1()s(E 1iii ++−=  
 
L e t  V i  :  =  C i + 1  –  C i  b e  t a n g e n t  a n d   b e  p e r p e n d i c u l a r  t o  )VV(2
1:U 1i1ii −+ −−=
e d g e  E i .   L e t  ψ i  ( X ) :  =  ( s i ,  t i )  b e  t h e  a f f i n e  c o o r d i n a t e s  o b t a i n e d  b y  p r o j e c t i n g  
p a r a l l e l  t o  t h e  e d g e s  a d j o i n i n g  a t  C i  :  
( 2 . 1 )    X  =  C i   +   s i V i   +   t i  ( - V i - 1 )  .  
O r t h o g o n a l  p r o j e c t i o n  g i v e s  t h e  c o o r d i n a t e s  ( r i , t i ) :  
( 2 . 2 )    X  =  C i  +  r i V i  +  t i U i .  
N o t e  t h a t  ( t i ,  t i + 1 ,  t i + 2 )  a r e  t h e  b a r y c e n t r i c  c o o r d i n a t e s  o f  X  w i t h  r e s p e c t  
t o  C i + 2 ,  C i ,  C i + 1  ( n o t e  c h a n g e  o f  o r d e r )  a n d  t h a t  
( 2 . 3 )  s i  =  t i - 1   ,   .2
tsr iii +=  
T h e  c o n s t r u c t i o n  
 I n  o r d e r  t o  h a v e  G C k  j o i n s  w i t h  t h e  a b u t t i n g  p a t c h e s  p i ,  i = 1 , 2 , 3 ,  t h e  
p a t c h  P  mus t  s a t i s fy  t h e  c o n d i t i o n s  
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( 2 . 4 )  ,(s)iEi
φkj(s)iei
Pkj
(s)iE
Pkj o=  
w i t h  c o n n e c t i n g  d i f f e o mo r p h i s ms  φ i f r om E i  ( s )  t o  e i  ( s ) .  
N e c e s s a r y  f o r  t h e  e x i s t e n c e  o f  s u c h  a  p a t c h  i s  t h a t  i t s  j e t s  a r e  w e l l - d e f i n e d  
a t  t h e  c o r n e r s :  
( 2 . 5 )   .
iC1i
φkj(1)1ie1i
Pkj
iCi
φkj(0)iei
Pkj −−−
= oo  
I n  s e c . 3 ,  c o n n e c t i n g  d i f f e o mo r p h i s ms  t h a t  s a t i s f y  t h e s e  c o r n e r  c o n s i s t e n c y  
c o n d i t i o n s  w i l l  b e  c o n s t r u c t e d .   B y  i n t e r p o l a t i o n ,  s e e  s e c . 4 ,  a  p a t c h  P  c a n  
b e  b u i l t  t h a t  m a t c h e s  t h e  b o u n d a r y  d a t a  ( 2 . 4 ) ,  i . e .  j o i n s  t h e  a b u t t i n g  p a t c h e s  
w i t h   ( T o  b e  p r e c i s e ,  a n  i n t e r p o l e n t  ma y  h a v e  p o i n t s  i n  t h e  i n t e r i o r  w h e r e  kGC
t h e  d i f f e r e n t i a l  d o e s  n o t  h a v e  m a x i m a l  r a n k .   I n  p r a c t i c e ,  t h i s  f l a w  c a n  b e  c u r e d  
b y  mo d i f y i n g  t h e  i n t e r p o l a n t  w i t h i n  t h e  t r i a n g l e ,  w i t h o u t  a f f e c t i n g  t h e  b o u n d a r y  
d a t a ) .   T h e  t a n g e n t  s e c t o r  o f  P  a t  C i  c o mpl e me n t s  t h e  n o n - c o n v e x  c o r n e r  f o r me d  
b y  t h e  p a t c h e s  P i - 1 ,  P i  , . . ,   P,P iin i  a t  Q i . ,  w i t h o u t  o v e r l a p ;   i . e .   i s  a l s o  
kGC
a c h i e v e d  a t  t h e  v e r t i c e s  Q i .  
 
3 ,   Cons t ruc t ing  the  Connec t ing  Di f feomorph isms  
Necessa ry  cond i t ions  a t  the  corners  
T h e  c o r n e r  c o n s i s t e n c y  c o n d i t i o n  ( 2 . 5 )  i s  e q u i v a l e n t  t o  t h e  n e c e s s a r y  
c o n d i t i o n  o f  t h e o r e m  7 . 1  o f  [ H a h n  ' 8 7 ]  f o r  t h e  p a t c h e s  s u r r o u n d i n g  t h e  v e r t e x  Q i ,  
w h i c h  h e r e  s a y s  t h a t  
(I)      ,
iC1i
φkj)(1
1ie
1i,iφ
kj
iCi
φkj −−
−= o  
w h e r e  
)1(i
ii
i 1i
1i;1,i
k
1n,i
1n,i;n,i
k
n,ii
n,i;i
k
1i1i,i
k e
j..
c
j
cj:)1(ej −
−−
−
−−
φφφ=φ ooo  
i s  t h e  j e t  c o mp o s e d   o f  t h e  c o n n e c t i n g  d i f f e o mo r p h i s ms  b e t w e e n  s u b s e q u e n t  p a t c h e s  
me e t i n g  a t  Q i  .  
S ince  ma p s  e d g e s  t o  e d g e s ,  iφ iφ (E i(s)) = e i(s) ,   t w o  more  equa t i ons  fo l l o w:  
( I I )  ,0ej0EjCj i
k
i
k
ii
k =φ o  
( I I I )  .1ej1EjCj 1i
k
1i
k
i1i
k
−−−
=φ o  
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C o mp u t i n g  j e t s  a t  t h e  c o r n e r s  
N e w  j e t s ,Cj,Cj i1i
k
ii
k
−φφ  s a t i s f y i n g  e q u a t i o n s  I  -  I I I ,  w i l l  b e  d e t e r m i n e d   
b y  r e c u r s i v e l y  c o mp u t i n g  t h e i r  d e r i v a t i v e s  i n  d i r e c t i o n s  :V,V 1ii −
 ,)v,..,v,v,..,v(C:)C(
21
212i
j
1i1i
j
i1ii
jj
i
j,j
i 4342143421 −−
+ φ∂=φ
 ,)V,...,VV,...,V(C:)C( 1i1iiii1i
jj
i
j,j
1i
2121 −−−
+
− φ∂=φ  
.kjj0 21 ≤+≤  
E a c h  o f  t h e  j e t - e q u a t i o n s  I  –  I I I  c o n t a i n s  a n  e q u a t i o n  f o r  j - t h  o r d e r  
d e r i v a t i v e s    ( j ≤ k ) ,  d e n o t e d  b y  ( I , j ) ,  ( I I , j ) ,  ( I I I , j ) ,  r e s p .  E . g .  t h e  f i r s t  
o rder  e q u a t i o n s  a r e   
( I ,  1 )  ,C)1(eC i1i1i1i,iii −−− φ∂φ∂=φ∂ o  
( I I ,  1 )  ,)0(eVC 'iiii
=φ∂  
( I I I ,  1 )  .)1(eVC ' 1i1ii1i −−− =φ∂  
T h e s e  e q u a t i o n s  d e t e r mi n e  t h e  f i r s t  o r d e r  d i r e c t i o n a l  d e r i v a t i v e s  u n i q u e l y :  
(3.1)   ,)0(e)C( 'ii0,1i =φ
(3.2) ,))1(e()1(e)C( ' 1i1i1i,ii10i −−−− φ∂=φ  
(3.3)  ,e)C( )1('1ii1,01i −− =φ
(3.4) .e)C( ))0(e()0(ii,1ii0,11i
'i
−− φ∂=φ  
He re  i s  t he  i nve r se  o f   )0(ie|i,1i−φ∂
.)(|, 1e
1i1ii −−φ∂
( N o t e  t h a t a n d   a r e  l i n e a r l y   )(),( ,, i
10
ii
01
i CC φφ )(,)( ,, i101ii011i CC −− φφ
i ndependen t . )  
T h e  s y s t e m  o f  e q u a t i o n s  I  -  I I I  i s  u n d e r d e t e r m i n e d  i f  k  >  1 .   I n  f a c t ,  t h e  
m i x e d  d i r e c t i o n a l  d e r i v a t i v e s  ( t h e  t w i s t s )  o f  o n e  j e t  c a n  b e  s e t  a r b i t r a r i l y ,   
e . g .  
.,,:)(, 1jjfor0C 21i
jj
1i
21 ≥=φ −  
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P r o c e e d i n g  b y  i n d u c t i o n ,  a s s u m e  d i r e c t i o n a l  d e r i v a t i v e s  
,,)(),( ,, jjjCC 21i
jj
1ii
jj
i
2121 <+φφ −  
a r e  g i v e n ,  s a t i s f y i n g  ( I , ) ,  ( I I , l ) ,  ( I I I , l )  f o r  <  j .   T h e  j - t h  o r d e r  e q u a t i o n s  l l
c a n  b e  w r i t t e n  a s  
( I I ,  j )   +   l o w e r  o r d e r  d e r i v a t i v e s  o f   ,  )(, i
0j
i Cφ )()( 0e jii =φ
( I I I ,  j )   +  l o w e r  o r d e r  d e r i v a t i v e s  o f   )(, i
j0
1i C−φ ,)1()j(1i1i −− =φ l
a n d  ( I , j )  i s  i t s e l f  a  s e t  o f  j  +  1  e q u a t i o n s  ( ) ,orderlower)(e)()j,j;I( ij,j1i)1(1i1i,iij,j121 CC 2121 +φφ∂=φ −−−   
      j1 +  j2  = j  . 
T h e  t e r m s  n a m e d  ' l o w e r  o r d e r '  a r e  d e r i v e d  b y  r e p e a t e d  a p p l i c a t i o n  o f  t h e  c h a i n  r u l e   
a n d  a r e  a l r e a d y  k n o w n  b y  i n d u c t i o n .  N o w  t h e  j - t h  o r d e r  d i r e c t i o n a l  d e r i v a t i v e s  a r e  
ob t a ined  a s  f o l l ows :  
)( i
0,j
i Cφ  and   a r e  g iven  by   ( I I , j ) ,  ( I I I , j )  r e sp . ,  )( ij,01i C−φ
1j,j),( 21i
j,j
1i C
21 ≥φ −  was already chosen above,  
jj),( 2i
j,j
i C
21 ≤φ  i s  g iven  by  ( I ;  j 1  j 2 ) ,  and  
)( i
0,j
1i C−φ  i s  g i v e n  b y   ( I , j , 0 ) ,  s i n c e  )1(1ie|1i,i −−φ∂  i s  i n v e r t i b l e .  
 The  d i rec t iona l  der iva t ives  ,   J)(,)( i
j,j
1ii
j,j
i CC
2121
−φφ 1  +  J 2   ≤  k ,  descr ibe  
j e t s  i1i
k
ii
k CC jandj −φφ t h a t  s a t i s f y  c o n d i t i o n s  I  -  I I I .   M o r e o v e r  ii Cφ∂ a n d  
i1i C−φ∂  h a v e  m a x i m a l  r a n k .  B y  c o r n e r  c o n s i s t e n c y  ( 2 . 5 )  ,  )V(ii.ii 1iC)0(ep −
−φ∂∂  
i s  t he  t angen t  vec to r  o f  t he  cu rve  and po in t s  t o  t he  s i de  o f  p1i1i ep −− ° i  °  e i   
oppos i t e  t o  t he  t angen t  s ec to r  o f  p i  a t  e i  ( 0 ) ,  because  t he  co rne r  a t  Q i  i s  non -  
convex .   The re fo re  
ii
Cφ∂  maps  t he  i nward  po in t i ng  vec to r  –V i - 1   o f  ∆  t o  a  
vec to r  po in t i ng  t o  t he  ex t e r i o r  s i de  o f  edge  e i .   S imi l a r l y ,  i1i C−φ∂ ma ps  t he  
 inward point ing vector  Vi  to  an outward point ing vector  of  .1i −Δ
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D i f f eomorph i sms  a long  t he  edges  
Now connec t i ng  d i f f eomorph i sms  iφ  c an  be  cons t ruc t ed  whose  j e t s  a t  t he  
co rne r s  C i ,  C i + 1   a r e  ii
k Cj φ  and  
1ii
k
Cj +φ ,  a s  compu ted  above .  
 The  j e t s  c an  be  r ep re sen t ed  by  vec to r s  
 4342143421
21
2121
,
j
ii
j
ii
i
i
jjj,j
0i
)V,..,V,U,..,U(:W Cφ∂= +  
 .kjj,)V,..,V,U,..,U(:W 21iiii
1
i
jjj,j
1,i iC
2121 ≤+≤φ∂=
+
+  
L e t   be  vec to r  f i e l d s  a l ong  edge  ekj1,)s(W ji ≤≤ i  ( s )  s u c h  t h a t   i s   ,  jiW jkC −
,W)0(W
ds
d ,j
0,i
j
i
l
l
l =
 
,jk0,W)1(W
ds
d ,j
1,i
j
i −≤≤= ll ll  
a n d  s u c h  t h a t  i n  a d d i t i o n  i s  t r a n s v e r s a l  t o  a n d  o u t w a r d  p o i n t i n g .)s('W i )s(ei
The  vec to r  f i e lds   can  be  ob ta ined  by  e .g .  Hermi te  in te rpo la t ion . ,k..,2j,)s(W ji =
F o r  t h e  v e c t o r  f i e l d   i t  m a y  b e  n e c e s s a r y  t o  m o d i f y  a n  i n t e r p o l a n t  t o  e n s u r e  )s('Wi
t r a n s v e r s a l i t y ;  t h i s  i s  a l w a y s  p o s s i b l e  s i n c e     a n d      a r e  b o t h  0,10,iW
0,1
1,iW
ou tward  po in t i ng .  
 By  l emma  3 .2  o f  [Hahn  ' 8 7 ]  ,   t h e r e  e x i s t  C k  - connec t i ng  d i f f eomorph i sms  iφ  
f r om E i  t o  e i  w i th  
.)s(W)U,..,U()s(E
j
iii
ii
j =φ∂  
A t  t h e  c o r n e r s ,  t h e s e    h a v e  t h e  j e t s  c o mp u t e d  a b o v e  a n d  me e t  t h e  c o r n e r  iφ
c o n s i s t e n c y  c o n d i t i o n  ( 2 . 5 ) .  
 
4 .   I n t e r p o l a t i o n  w i t h i n  a  T r i a n g l e  
Wi th  t he  connec t i ng  d i f f eomorph i sms  iφ ,  b o u n d a r y  d a t a  f o r  t h e  t r i a n g l e ,  
(4 .1 )    ,k,..,0j,)s(E)p( iii
j =φ∂ o  
w h i c h  a r e  c o n s i s t e n t  a t  t h e  c o r n e r s  C i   =   E i  ( 0 )  =  E i - 1  ( 1 ) ,  c an  be  compu ted .  
Now an  i n t e rpo l an t  w i th  t he se  bounda ry  da t a  ne e ds  t o  be  c ons t ruc t e d .  
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S o  f a r ,  i t  h a s  b e e n  a s s u m e d  t h a t  t h e  a b u t t i n g  p a t c h e s  p i  a r e  j u s t  C k ,  
w h i c h  m e a n s  t h a t  t h e  d e r i v a t i v e   m a y  b e  o n l y  Ci
jp∂ k - j .   I n  t h i s  c a s e  q u i t e  
s o p h i s t i c a t e d  i n t e r p o l a t i o n  t e c h n i q u e s ,  a s  i n  l e m m a  3 . 2  o f  [ H a h n  ' 8 7 ]  a r e  
 n e e d e d  t o  e n s u r e  t h a t  t h e  i n t e r p o l a n t  i s  C k .  
I n  p r a c t i c e ,  h o w e v e r ,  t h e  p a t c h e s  w i l l  h a v e  m u c h  h i g h e r  o r d e r  o f  c o n t i n u i t y .  
F o r  t h i s  c a s e  e x p l i c i t  i n t e r p o l a t i o n  fo r mu l a s  w i l l  b e  g i v e n .  
 A  Boo lean  sum type  i n t e rpo l an t   
W i t h i n  t h e  a f f i n e  c o o r d i n a t e s  ψ i  ( X )   =  ( s i , t i )  ( 2 . 1 )  d e f i n e  a  B o o l e a n  s u m  
T a y l o r  i n t e r p o l a n t  
(4 .2 )   :   =   )t,s(pi )0,s()p(
t 1
iiij,0
jk
0j !j
−
=
ψφ∂∑ oo  
  +     )t,0()p(s 1i1i1i0,j
jk
0j
!j
−
−−
=
ψφ∂∑ oo  
      -   ,)0,0()p(
jj
ts 1
iii2j,1j
21
2j1jk
02j,1j
!!
−
=
ψφ∂∑ oo  
)( ationdifferentipartialdenotes:
2
21
21 j
jj
j,j ts 1j ∂∂
∂=∂
+
.   T h e n  
(4 .3 )     ψoiP i (X)  = Pi (si, ti) 
i s  a  t w o - s i d e  i n t e r p o l a n t  o n  t h e  t r i a n g l e .  
 P i  o  ψ i i s   C k   and  matches  the  boundary  da ta  (4 .1 )  a long  edges  E i  and  E i - 1 ,  
p r o v i d e d  t h e  c r o s s - b o u n d a r y  d e r i v a t i v e s   a n d  )0,s()P( 1iiij,0
−ψφ∂ oo
)t,0()P( 1i1i1i0,j
−
−− ψφ∂ oo  a r e  C k  - f u n c t i o n s  o f  s ,  t  r e s p .  a n d  t h e  t w i s t s  a t  
t h e  c o r n e r  c o i n c i d e  
(4 .4 )    .)0,0()P()0,0()P( 1i1i1ij,j
1
iiij,j 2121
−
−−
− ψφ∂=ψφ∂ oooo
T h e  t r i a n g u l a r  p a t c h  i s  a  c o n v e x  c o m b i n a t i o n  o f  t h e s e  t w o - s i d e  i n t e r p o l a n t s :  
(4 .5 )   P (X)   :   =  ,)t,s(P)X(W iiii
3
1i
∑
=
w h e r e  w i  a r e  w e i g h t  f u n c t i o n s  t h a t  s u m  u p  t o  u n i t y  a n d  v a n i s h  u p  t o  o r d e r  k  
along edge Ei+1, e.g. 
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(4 .6 )  
1k
j
3
1j
1k
1i
i
t
t
)X(w
+
=
+
+
∑
=  
 
  A  o n e - s i d e  i n t e r p o l a n t   
 A n  a l t e r n a t i v e  i n t e r p o l a n t  i s  
 (4 .7 )     .)UU()r(E)P(
t:)t,r(P i,..,iiii
j
k
0j
j
i !j φ∂= ∑= o  
 i s  C k   o n  t h e  t r i a n g l e  a n d  ma t c h e s  t h e  b o u n d a r y  d a t a  ( 4 . 1 )  a l o n g  e d g e  )t,r(P iii
E i ,  p r o v i d e d  t h e  c r o s s - b o u n d a r y  d e r i v a t i v e s   a r e  )U,..,U()r()P( iiEii
j
i
φ∂ o
C k  - func t i ons  o f  r  .   Convex  combina t i on  o f  t h e s e  i n t e r p o l a n t s  g i v e s  a n  a l t e r n a t i v e  
patch 
 
(4 .7 )  .)t,r(P
tt
tt:)X(P iii
3
1i 1k
1j
3
1j
2k
1j
1k
1i
1k
1i∑ ∑= ++
=
+
−
+
+
+
−=  
A l t hough  t he  we igh t  f unc t i ons  a r e  s i ngu l a r  a t  t he  c o rne r s ,  i t  c a n  be  s hown  tha t  
t he  pa t ch   P   i s  i ndeed  C k. 
5.   App l i c a t i on ;   A  T r i angu l a r  Pa t ch  w i th in  a  Complex  o f  Rec t angu l a r  Pa t ches  
J o i n i n g  w i t h  P a r a me t r i c  C o n t i n u i t y   
  Assumptions 
Assume tha t  pa tches  p i  :   [0 ,1] 2   →  3RI  ,  i  =1 ,  2 ,  2 ,  sur round a  t r iangular  ho le ,  
see  fig.  3,  such that the composed map 
(5.1)  ⎩⎨
⎧
×∈
∈→ −−−− ]2,1[]0,1[)v,u(for,p
]1,0[)v,u(for,)v,u(p)v,u(
)u,v(
i
1
1
i
2
is  (parametric) Ck -continuous for i=1,2,3 (mod 3).  
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T h e  c o n n e c t i n g  d i f f e o mo r p h i s ms  
 
c k  - c o n t i n u i t y  o f  t h e  c o mp o s e d  ma p  ( 5 . 1 )  me a n s  t h a t  1i,i −φ ,  t h e  c o mp o s e d  
c o n n e c t i n g  d i f f e o m o r p h i s m  f r o m  p a t c h  p i - 1   t o   p i ,  i s  t h e  r o t a t i o n  b y  2
π−  a r o u n d  
)( 2121 ,− .   A c c o r d i n g  t o  ( 3 . 1 - 3 . 4 ) ,  t h e  f i r s t  o r d e r  d e r i v a t i v e s  o f  t h e  c o n n e c t i n g  
d i f feomorphisms  a t  the  corner  C1ii , −φφ i  a re  computed  as  
 
 
( )
( )
( )
( ) ,0,1V
,0,1V
,0,1V
,1,0V
iC1i
iC1i
1iCi
iCi
i
i
i
i
−=φ∂
=φ∂
=φ∂
=φ∂
−
−
−
 
 
a n d  t h e  h i g h e r  o r d e r  d e r i v a t i v e s  c a n  b e  s e t  t o  z e r o ,  s i n c e  t h o s e  o f   v a n i s h ,  1i,i −φ
c f  e x a m p l e  7 . 2  o f  [ H a h n  ' 8 7 ] .  
 
N o w  c o n n e c t i n g  d i f f e o mo r p h i s ms  c a n  b e  c o n s t r u c t e d  mor e  e a s i l y  t h a n  i n  s e c . 3  
a s  a  b l end  o f  t he  a f f i n e  linear maps +φφ∂+φ +− )(and)()( 1iiiCiii CCXC i  
( ).CX 1iCi 1i +−φ∂ +  I n  t e r m s  o f  t h e  c o o r d i n a t e s  ( r i , t i  )  ( 2 . 2 ) ,  s e t  
(5.2)  ( ) ,)))r()r((
2
tr,t(:X iiiiii α−β+−=φ  
w h e r e  α ,β a r e  - f u n c t i o n s  s u c h  t h a t  kC
  
   
( ) ( )
( ) ( ) ( ) ( ) 001,110
,0s,s
=β=α=β=α
≥βα
 
a n d  a l l  d e r i v a t i v e s  u p  t o  o r d e r  k  a t   0  a n d   1   v a n i s h .  
 
T h e  o n e - s i d e  i n t e r p o l a n t   
 
T h e  d e r i v a t i v e s  n e e d e d  f o r  t h e  o n e - s i d e  i n t e r p o l a n t  ( 4 . 7 )  a r e  
(5.3)     ( ) 0tiiiij
j
iirEii
j Ut)r(E(p
dt
d)U,..,U()p(
I =+φ=φ∂ oo  
   = 0tij
j
)))r()r((
2
tr,t(p
dt
d
=α−β+−  
  = ( ) .)r,0(p
2
)r()r()1( ij,
j
0
j
j)( lll
l
l
l
−
=
∂α−β−
−∑
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I n  t h e  c a s e  k  =  2 ,  t h e  i n t e r p o l a n t  i s  e x p l i c i t l y :  
( 5 . 4 )    ( ) ( r,0pt,rp ii = )
 + )( )r,0(p
2
)r()r()r,0(pt i01i10 ∂α−β+−∂  
  +   ,)r,0(p)r,0(p))r()r(()r,0(p
2
t )( i02i11i02
2 2
)(
2
)r()r( ∂+∂α−β−∂ α−β  
w h e r e  α ,β  a r e  C 2  - f u n c t i o n s  s u c h  t h a t  
,0)0()1(,1)1()0(
,0)r(,)r(
=β=α=β=α
≥βα
 
a n d  w h o s e  f i r s t  a n d  s e c o n d  d e r i v a t i v e  v a n i s h  a t  0  a n d  1   ;  
( 5 . 5 )      P  ( X )      =    .)t,r(P
tt
tt
iii
3
1i
3
1j
1j1j
3
1i
3
1i∑ ∑=
=
+−
+=  
The   i n t e rpo l an t   i s  C 2   p rov ided  t he  pa r t i a l   de r i va t i ve s   ,)r,0(p ij,j 21∂  
 a r e  C 2 - func t i ons  o f  r    .  ,2jj 21 ≤+
 The  Boo lean  sum type  i n t e rpo l an t  
The  Boo lean  sum type  i n t e rpo l an t  ( 4 .2 )  c an  be  emp loyed  i f  s t r onge r  con t inu i t y  
cond i t i ons  a r e  imposed .  
S ince  
(5 .6 )  ))s(ts,t()t,s( 2t
1
ii +β+−=ψφ −o
and  
(5 .7 )  =ψφ −− )t,s(1i1i o ,))t1(st1,s( 2s−− − α − −  
t he  c ro s s -bounda ry  de r iva t i ve s  needed  a r e :  
( 5 .8 )  ,))s(ts,t(p
dt
d)0,s()p( 0t2sij
j
1
iiij,0 =
− +β+−=ψφ∂ oo  
and  
(5 .9 )  02s1ij
j
1
i1i1i0,j s))t1(st1,s(pds
d)t,0()p( =−
−
−− −−α−−−=ψφ∂ oo  
These  con t a in  a l r eady  de r iva t i ve s  o f  t he  func t i ons  α ,β .  
I t  i s  t he r e fo re  a s sumed  tha t  α  and  β  a r e  (2k - l )  -  t imes  con t inuous ly  
d i f f e r en t i ab l e  and  t ha t  t he i r  de r iva t i ve s  van i sh  up  t o  o rde r  2k -1  a t  0  and  1  .  
 -12- 
 
T h e n  t h e  mi x e d  d e r i v a t i v e s  a t  t h e  c o r n e r  ( s , t )   =   ( 0 , 0 )  c a n  b e  o b t a i n e d  b y  
o b s e r v i n g  t h a t  i n  ( 5 . 6 ) ,  ( 5 , 7 )  t h e  t e r m s  t β ( s + 2t )  a n d  s α  )t1( s− 2−  v a n i s h  u p  t o  
o r d e r  2 k  a t  ( 0 , 0 ) :  
(5. 10)            ,)0,0(p)1()0,0()p( i1j,2j2
j1
iii2j,1j ∂−=ψφ∂ −oo
(5.11)         .)1,0(p)1()0,0()p( 1i2j,1j
2j1j1
i1i1i2j,1j −
+−
−− ∂−=ψφ∂ oo
 
These  coinc ide ,  i f  
 
(5 .12)       ,kj,jfor,)0,0(p)1()1,0(p 21i1j,2j2
j
1i2j,1j ≤∂−=∂ −
 
w h i c h  m e a n s  t h a t  t h e  c o m p o s e d  m a p  ( 5 . 1 )  i s  C k , k  a t  ( 0 , 1 ) .  I f ,  i n  a d d i t i o n ,  t h e  
a b u t t i n g  p a t c h e s  ip  are  t h e n  t h e  i n t e r p o l a n t  ( 4 . 2 )  i s  a n d  m a t c h e s  t h e  ,kC
2 kC
b o u n d a r y  d a t a . 
          I n  t h e  c a s e  k  =  2 ,  t h i s  i n t e r p o l a n t  i s  e x p l i c i t l y : 
 
))s,0(p)s('
)s,0(p)s(
)s,0(p)s(2)s,0(p(
2
t
))s,0(p)s()s,0(p(t
)s,0(p)t,s(p)13.5(
i01
i02
2
i11i20
2
i01i10
ii
∂β+
∂β+
∂β−∂+
∂β+−∂+
=
 
)0,0(p
4
ts
)0,0(p
2
st)0,0(p
2
ts
)0,0(p
2
t)0,0(pst)0,0(p
2
s
)0,0(pt)0,0(ps
)0,0(p
)t1,0(p)t1('
)t1,0(p)t1(
)t1,0(p)t1(2)t1,0(p(
2
s
))t1,0(p)t1()t1,0(p(s
)t1,0(p
i22
22
i12
2
i12
22
i02
2
i11i02
2
i01i01
i
1i10
1i20
2
1i111i02
2
1i011..i10
1i
∂−
∂−∂+
∂−∂+∂−
∂+∂−
−
−∂−α+
−∂−α+
−∂−α+−∂+
−∂−α−−−∂+
−+
−
−
−−
−
−
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Here, α ,β are C3-functions such that 
,0)0()1(,1)1()0(
,0)s(),s(
=β=α=β=α
≥βα
 
a n d  w h o s e  d e r i v a t i v e s  u p  t o  o r d e r  3  a t   0  a n d   1   v a n i s h .   T h e  p a t c h e s  p i .  m u s t  
b e  4 - t i m e s  c o n t i n u o u s l y  d i f f e r e n t i a b l e  a n d  ( 5 . 1 2 )  m u s t  h o l d  w i t h  k  =  2 .  
T h e  t r i a n g u l a r  p a t c h  i s  
(5.14)         P(X) : = .)it,is(ip
3
1i
3
1j
3
jt
3
1it∑
∑=
=
+  
Modifications and adaptions 
The  modi f i ca t ions  desc r ibed  in  [Gregory  and  Hahn  '87]  fo r  a  po lygona l  
pa tch  can  be  employed .  
I n  ( 5 . 1 3 )  t h e  t e r m s  
  ( ) t)1(0,Pt1'α
2
sands)(0,p(s)'β
2
t
li01
2
i10
2 −∂−∂ −  
c o n t r i b u t e ,  a l o n g  t h e  s i d e s ,  o n l y  t o  t h e  t a n g e n t  p a r t  o f  t h e  s e c o n d  d e r i v a t i v e .  
T h e y  m a y  b e  o m i t t e d ,  w i t h o u t  a f f e c t i n g  g e o m e t r i c  c o n t i n u i t y ,  c f  [ G r e g o r y  a n d  
H a h n  ’ 8 6 ] .  M o r e o v e r ,  i n  t h i s  c a s e ,  t h e  b l e n d i n g  f u n c t i o n s  α , β  m a y  b e  c h o s e n  t o  
b e  o n l y  t w i c e  c o n t i n u o u s l y  d i f f e r e n t i a b l e . 
T h e  e f f e c t  o f  t h e  a b u t t i n g  p a t c h e s  c a n  b e  v a r i e d  i n d i v i d u a l l y  b y  c h a n g i n g  t h e  
c o n n e c t i n g  d i f f e o m o r p h i s m s .   I n  ( 5 . 2 )  α ,β  c a n  b e  s u b s t i t u t e d  b y  α i ,β i  a n d  t h e s e  
f u n c t i o n s  c a n  b e  a d a p t e d  a p p r o p r i a t e l y . 
T h e  i n t e r i o r  s h a p e  o f  t h e  t r i a n g u l a r  p a t c h  c a n  b e  c o n t r o l l e d  b y  a d d i n g  a  
f u n c t i o n  w h i c h  v a n i s h e s  u p  t o  i t s  k - t h  d e r i v a t i v e s  a l o n g  t h e  e d g e s ,  e . g . 
( t i  t 2  t 3 ) k + 1 Q ( X ) .  
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